Sumsets contained in infinite sets of integers  by Nathanson, Melvyn B
JOURNALOF COMBINATORIALTHEORY, SeriesA28,150-155(1980) 
Sumsets Contained in Infinite Sets of Integers 
MELVYN B. NATHANSON * 
Department of Mathematics, Southern Illinois University, Carbondale, Illinois 62901 
Communicated by the Managing Eiiitors 
Received August 8, 1978 
If the positive integers are partitioned into a finite number of cells, then 
Hindman proved that there exists an infinite set B such that all finite, nonempty 
sums of distinct elements of B all belong to one cell of the partition, Erdiis con- 
jectured that if A is a set of integers with positive asymptotic density, then there 
exist infinite sets B and C such that B + C C A. This conjecture is still unproved. 
This paper contains several results on sumsets contained in infinite sets of in- 
tegers. For example, if A is a set of integers of positive upper density, then for 
any n there exist sets B and F such that B has positive upper density, F has car- 
dinality n, and B + F C A. 
Tf the positive integers are partitioned into a finite number of cells, then 
Hindman [8] proved that there exists an infinite set B such that all finite, 
nonempty sums of distinct elements of B all belong to one cell of the partition. 
This result had been conjectured by Sanders [12] and Graham and Rothschild 
[7]. Hindman’s proof has been simplified by Baumgartner [l] and Glazer 
[6, 21. Hindman [9, IO] has generalized his theorem. Erd&.[3] has proposed 
the following problems. Suppose that A is a set of integers with positive 
asymptotic density. Then do there exist infinite sets B and C such that 
B $- C _C A ? Indeed, does there exist an infinite set B and an integer I 
such that I + bi + bj E A for all bj , bj E B with b, f bj ? (The translation 
number t is clearly necessary, for if A is the set of odd integers and if B is an 
infinite set, then B contains integers of the same parity, whose sum is even, 
hence not in A.) 
Hindman’s theorem and Erdijs’s conjecture are analogous to results of 
van der Waerden and Szemertdi. Tf the positive integers are partitioned into 
a finite number of cells, then van der Waerden [14, 111 proved that one cell 
of this partition contains arbitrarily long finite arithmetic progressions. 
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Erdijs and Turin [4] conjectured and Szemeredi [13] and Furstenberg [5] 
proved that if A is a set of positive asymptotic density, then A contains 
arbitrarily long finite arithmetic progressions. If Hindman’s theorem is 
similar to the theorem of van der Waerden, then Erdos’s conjecture is similar 
to the theorem of Szemeredi. Indeed, Erdiis had proposed the stronger 
conjecture that, if A is a set of positive asymptotic density, then there must 
exist an infinite set B and an integer t such that 
for every sequence of +, = 0 or 1, where Eb = 1 for only finitely many b E B. 
But Straus (unpublished) has constructed a counterexample to this conjec- 
ture. 
In this paper ‘I prove several results on sumsets contained in infinite sets 
of integers. 
Notation. If A1 , A, ,..., Ah are finite or infinite sets of integers, let 
Al t A, + *.a f Ah denote the sumset consisting of all numbers of the form 
a,+ 02 + -** + a,, , where ai E Ai for i = 1, 2 ,..., h. If A, = *.. = A, = A, 
let hA denote Al + a-- + Ah . Let FS(B) denote the set consisting of all finite, 
nonempty sums of distinct elements of B. Let A be a set of positive integers, 
and let A(x) denote the number of elements of A not exceeding x. Tf 
lim,,, A(x)/x exists, then this limit is called the asymptotic density of A, 
and denoted d(A). The interval of integers a < n < b is denoted [a, b]. 
The set A has positive upper density if there exist a real number 01 > 0 and a 
sequence of intervals [plc , qk] such that iim,,,(q, - pk) = 00 and 
A(q,) - A(plc> > ol(qR - pr) for k = 1,2, 3,... . The set A has zero upper 
density if it does not have positive upper density. If A has zero upper density, 
then for every c > 0 there exists a number n(c) such that, if qr - pr > n(e), 
then A(qk) - A(p,) < e(qlc - pJ. The cardinality of the finite set F is 
denoted 1 F 1. By A\B we denote the relative complement of B in A. 
THEOREM 1. Let A be a sequence of positive asymptotic density. Then for 
any h and n there exist an integer t and ajinite set F of cardinal&y n such that 
t + hFC A. 
Proof. This result follows at once from Szemertdi’s theorem. Since A 
has positive asymptotic density, the set A contains an arithmetic progression 
of length hn + 1, that is, there exist integers d and t such that t A- kd E A 
for k E [0, hn]. Let F = (0, d, 2d ,..., nd). Then 
t + hF = {t + kd / k E [0, hn]} C A. 
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THEOREM 2. Let A be a sequence of integers that contains arbitrarily long 
intervals of integers. Then there is an infinite set B C A such that FS(B) C A. 
Proof. We construct the sequence B inductively. Let b, be any element 
of A. Suppose that b, < b, < ... < b, have been determined, and that 
z:i”=, Eibi E A for every choice of ei = 0 or 1. Since A contains arbitrarily 
long intervals, there exists b,+l E A such that b,+l > b, and [bn.Ll, b, + 
b, + ~~~+b,,,+b,+,]CA.Then~~~~~~b~~Aforallr~=Oorl. 
THEOREM 3. If the sequence A has asymptotic density I, then there exists 
an infinite set B C A such that FS(B) C A. 
ProoJ Let U = N\A = (u,}~=~ , where u1 < u2 < us < .‘.. Then 
d(A) = 1 implies that d(U) = 0, and so lim sup,&u, - u,-~) = cc. Thus, 
U contains arbitrarily long gaps, and so A contains arbitrarily long intervals 
of integers. The result follows from Theorem 2. 
THEOREM 4. Let A be a sequence of integers that contains arbitrarily long 
finite arithmetic progressions with bounded diference. Then there exist an 
infinite set B and an integer t such that t + FS(B) C A. 
Proof. The hypothesis implies that there exists a fixed arithmetic progres- 
sion {t + kd 1 k = 0, l,...} such that the set A contains arbitrarily long finite 
sequences of consecutive terms of this progression. Let A* = (a* 1 
t + a*d E A}. Then A* contains arbitrarily long intervals of integers, and so, 
by Theorem 2, there is an infinite set B* such that FS(B*) CA*. Let 
B = {b*d j b* E B*}. Then B is an infinite set of integers, and t + FS(B) C A. 
THEOREM 5. Let A = (ai}~zl be a strictly increasing sequence of positive 
integers, and let A have bounded gaps, that is, Aai = ai - aipl is bounded. 
Then for any n there exist an injinite set B C A and a$nite set F of cardinality 
nsuchthatB+FCA. 
Proof. Suppose Au, = ai - aipl < d for all i. Define dJ’) = artk - 
a - &+k . r+k-1 To each r > 1 we associate the n-tuple (di’), dJ’J,..., dr)). 
Since df) E [1, d] for all k and r, there are at most d” distinct n-tuples, and so 
there exists at least one n-tuple (d$, d,*,..., @) such that (dj’),..., d:)) = 
(df,..., dz) for infinitely many r. Let B consist of all a, E A such that 
(dj”,..., d$,‘)) = (d?,..., d$). Let F = {XL, df)k=, . Then F has cardinality n, 
andB+FCA. 
LEMMA (Kazhdan). Let A be a sequence of integers with positive upper 
density. Then for any c there exist an integer t > c and a set B C A such that B 
has positive upper density and B + {t] C A. 
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Proof. Since A has positive upper density, there exist 01 > 0 and intervals 
[pk , A such that fim4qk - PJ =a and -%J - 414 > 4qr - ~4. 
Let At = A + (t>. Clearly, if A has positive upper density, then so does At . 
To prove the lemma, it suffices to show that A, n A has positive upper density 
for some t > c. For then B = (A, n A)-, is a subset of A with positive upper 
density, and B + (t} C A. 
Suppose that At n A has zero upper density for all t > c. If s - r 2 c, 
then A, n A,. = (A,-,. n A)r has zero upper density. Consequently, Ai, n Aj, 
has zero upper density for all i # j. Choose m > 4/a. Let 
W = u (Ai, n AJ. 
Ogi<j@1 
Then W has zero upper density, and so there exists a number n* such that 
W(q) - W(p) < (cx/2)(q - p) whenever q - p > n*. Choose an interval 
[pr, qr] such that qk - pr > n* + m(m + I)c and A(q,) - A(p,) > 
cy(qk - pJ. The sets Aie\ W are pairwise disjoint for i E [0, m], and so 
4s - Pk > [(,bo &W) n [Pn + 1, qkl j  = f I(&\W) n [Pk + 1, qk]l 
i=O 
3 f 0 A n [pk + 1, dl - ic> - Cm + 1>t4Wk - pk) 
i=O 
> *(m + l)(qk - pk) - fv(??~ + 1) c - (a/z)(m + l)(qk - pk) 
> (d2) m(qk - Pk) - m(m + 1) c 
> 2Cqk - Pk) - mh + 1) c 
> qk - Pk . 
This is a contradiction. Consequently, At n A has positive upper density for 
some t > c, and the lemma is proved. 
The lemma leads to the following improvement of Theorem 5. 
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THEOREM 6. Let A be a sequence of integers with positive upper density. 
Then for any integers h and n there exist$nite sets Fl ,..., Fh each of cardinality n 
and a set B C A ofpositive upper density such that B + Fl + F, + *.a + F,, CA. 
Proof: Suppose that B’ + F’ C A, where B’ C A has positive upper density 
and F’ is finite. Let c = 1 + max(f 1 f E F’j. By the lemma, there exist 
B C B’ and t > c such that B has positive upper density and B + {t} 2 B’. 
LetF=F’u{t].Then/FI =iF’I+land 
B+F=(B+{t})u(B+F’)CB’u(B+F’)CA. 
It follows by induction that for any n 2 1 there exists a set F with 1 F 1 = n 
and a set B C A such that B has positive upper density and B + F _C A. 
Suppose that Fl ,..., Fh--l are finite sets of cardinality n and that B’ C A 
has positive upper density, and that B’ + Fl + *.- + Fhpl CA. Then there 
exist sets B and F* such that B 2 B’ has positive upper density, I F,& I = n, 
and B + Fh C B’. Then 
B+FY+ ... + Fh--l + FTh C B’ + Fl + ..* + Fn-1 CA. 
The theorem follows by induction on h. 
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